




When do neutrinos cease to oscillate?
C. Giunti
a
, C. W. Kim
b;c
, and U. W. Lee
d
a
INFN, Sez. di Torino, and Dip. di Fisica Teorica, Univ. di Torino, I{10125 Torino, Italy
b
Department of Physics & Astronomy, The Johns Hopkins University, Baltimore, MD 21218
c
School of Physics, Korea Institute for Advance Study, Seoul 130-012, Republic of Korea
d
Department of Physics, Mokpo National University, Chonnam 534-729, Republic of Korea
(September 29, 1997)
Abstract
In order to investigate when neutrinos cease to oscillate in the framework of
quantum eld theory, we have reexamined the wave packet treatment of neu-
trino oscillations by taking dierent sizes of the wave packets of the particles
involved in the production and detection processes. The treatment is shown
to be considerably simplied by using the Grimus{Stockinger theorem which
enables us to carry out the integration over the momentum of the propagating
neutrino. Our new results conrm the recent observation by Kiers, Nussinov
and Weiss that a precise measurement of the energies of the particles involved
in the detection process would increase the coherence length. We also present
a precise denition of the coherence length beyond which neutrinos cease to
oscillate.





A rigorous treatment of neutrino oscillations requires the study of the processes in which
neutrinos are produced and detected [1{9]. Following the rst attempts [1{3] to develop a
proper use of the wave packet formalism, we have carried out detailed calculations in both
quantum mechanics [4] and quantum eld theory [5], with a quantitative derivation of the
coherence length for neutrino oscillations. Due to the complexity of calculations, however,
in [5] it was assumed that the sizes of the wave packets of the initial and nal particles are
all the same.
Recently, Grimus and Stockinger [8] proved an elegant and very useful theorem that
allows to simplify the wave packet treatment of neutrino oscillations. Taking advantage of
this theorem, we have re-derived the neutrino oscillation formula in the general case in which
all the particles involved in the production and detection processes have dierent wave packet
sizes. Our new result conrms in the framework of a quantum eld theoretical approach an
interesting observation presented in [7] that an accurate measurement of the energies of the
particles involved in the detection process leads to an increase of the coherence length for
neutrino oscillations.

































) are the initial and nal production (detection) particles. The
process (1) takes place through the intermediate propagation of a neutrino, which oscillates
from avor  to avor  (here ;  = e; ; ). In the process (1), the production and













The form of the wave functions of the initial and nal particles involved in the process
(1) is determined by how the initial particles are prepared and how the nal particles are
detected. In the following, we will assume, for simplicity, Gaussian wave functions, whose
wave packet forms in momentum and coordinate space are given in [5]. The wave packets in
momentum space are assumed to be sharply peaked around their average momenta, which
are denoted by h~p
k








; . The corresponding average energies
hE
k













is the mass of the k
th
particle. In order
to make a realistic calculation, we will consider a dierent spatial width 
xk
for the wave
packet of each particle involved in the process (1). Let us emphasize that the localization of
the particles does not require necessarily the action of a man-made apparatus, but can be
determined by the environment in which the process (1) takes place.
Following the method presented in [5], the amplitude of the process (1) can be written

































































































































is the macroscopic distance vector from the neutrino production




is the macroscopic time interval T
between neutrino production and detection. In Eq.(2) we have dened various quantities
relative to the production process as follows (the corresponding quantities relative to the





















































can be considered as the eective size of the production process. Notice that the width of
the wave packet of the most localized particle (i.e. the one with the smallest 
x
) dominates
in the determination of 
xP
. For example, in [7] it is argued that the width 
xe
of the
captured electron in the production process of
7









is much smaller than the widths of the wave packets of the other particles involved in the




(the formalism presented here can be obviously
generalized for the case of more than one initial particle).
In a quantum-mechanical framework (see [1{4,7]) the size of the production process
determines the size of the wave packet of the propagating neutrino. On the other hand, in
the approach adopted here the neutrino is treated as a \virtual" particle propagating between
the production and detection vertices, whose properties are dened by the production and
detection interactions in an equal way. Hence, any attempt to dene a neutrino wave packet
in the framework of the calculation presented here would lead to a denition of its size in




. Such an interpretation is unacceptable from a causal
point of view. However, the present approach does not need an interpretation in terms of
neutrino properties, because the neutrino is not directly observed, and we will show that,
nevertheless, it leads to a rigorous derivation of the oscillation probability, including the









































































i is the group velocity of the k
th

































































i) are the matrix elements of the weak currents
of the production and detection particles.
















































































































in Eq.(2) did not pro-
duce the usual -functions representing energy{momentum conservation at each interaction
vertex. Indeed, in the wave packet treatment the energies and momenta of the particles
involved in the process under consideration do not have a precise value, allowing for the un-
certainty in energy{momentum conservation that is necessary for the occurrence of neutrino
oscillations (see [3{5]).
From Eqs.(6) and (7) one can see that 0  
P (D)
< 1. Hence, it is natural to ask what
happens if 
P
= 0 and/or 
D
= 0. Let us consider, for simplicity, the case of only 
P
= 0.
This situation could arise, for example, if only the initial particle P
I
in the production




and is described by a wave packet,

















, leading to 
D



















and neutrino oscillations do not occur because exact energy{momentum conservation in the
production process can be satised only by one of the neutrino mass eigenstates, excluding
the coherent production of more than one neutrino mass eigenstates that is necessary for
neutrino oscillations. This fact is also clear in coordinate space: if ~v
P
6= 0 only the trajectory
of P
I




and the time T
P
of the
production process. Hence, the distance
~
L and the time interval T are not dened and
oscillations are not observable. On the other hand, in the special case ~v
P
= 0 there is
no exact momentum conservation in the production process (although energy is exactly
conserved) and neutrino oscillations are observable. Physically this situation corresponds to
have the initial particle P
I









and T are not known (similar scenarios are discussed in [6,8]). However,
as stated above, the calculation presented here is based on the assumption that all the
initial and nal particles in the process (1) are observed and their wave packets are sharply





= 0) corresponds to a dierent physical process from the one under consideration, which





are dimensionless quantities of order 10
 1
. For example, if
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for  =  and ~v
2

' 1 for  = e.













































. This theorem is valid for a function  which
is dierentiable at least three times such that  itself and its rst and second derivatives
decrease at least as 1=~q
2
as j~qj ! 1. This is precisely our case. The remaining integration
over q
0















































































































can be interpreted as the
eective energy and momentum of the a
th
neutrino mass eigenstate propagating between
the production and detection vertices. In order to simplify our discussion, in the following





, which are negligible for relativistic neutrinos.































































































































































































































, but in a practical
experimental setting
~
L is usually a xed and known quantity, whereas T is not measured.
5
Therefore, the oscillation probability at a given distance
~








































































































































The overall factor 1=L
2
represents the geometrical decrease of the neutrino ux. Notice that
the probability (17) depends not only on the modulus L of the distance, but also on its
direction
~









) (see Eqs.(14){(16)) and determines E
a
through Eq.(12). This is due to the fact that the wave packets of the external particles are








)] in Eq.(17) guarantees that the







within the uncertainty allowed by the sizes of the wave packets.
Since we are concerned with relativistic neutrinos, we approximate
E
a






with E and  determined, respectively, by the expansion of Eq.(12) at zeroth and rst order





. Equation (18) leads to the approximations p
a












































































' E. These are the values of the kinematical parameters
for which the probability (17) of the process (1) is not negligibly small (without consid-
ering the geometrical suppression factor 1=L
2
). Hence, energy-momentum conservation is
approximately satised in order to guarantee the observability of the process (1) and this
approximate conservation determines the value of the eective neutrino energy E. From
Eq.(16) one can also see that  is a dimensionless quantity of order unity. On the other
hand, ! could be rather large if 
P (D)
is small. For example, if the production process is
pion decay at rest with  = , 
D




, we have !  10.
In the relativistic approximation one can factorize out of the sum over the mass eigenstate
indices a and b in Eq.(17) all the quantities that do not vanish in the zeroth order of











)). Therefore, in the relativistic















































with the oscillation lengths L
osc
ab
and the coherence lengths L
coh
ab



































The transition probability (21) has the same form as that given in Eq.(23) of [5], which
was obtained in the framework of quantum eld theory with wave packets. However, the
coecients that appear in the expression of the coherence length and in front of the third
term in the exponential in Eq.(21) are dierent from those of [5]. There are two reasons for
these dierences: 1) in [5] we assumed the same spatial width for all the wave packets of the
external particles involved in the process (1), whereas here these widths can be dierent; 2)
in [5] we integrated over the momenta of the nal particles, whereas here we assume these
momenta to be measured.
The rst term in the exponential in Eq.(21) is the usual oscillating phase which gives













, leading to the
disappearance of the oscillations due to L
osc
ab
for L  L
coh
ab
. If L  L
coh
ab
for all a6=b, all














. The third term in the exponential in Eq.(21), which
is due to the time integration, i.e. to the lack of time measurements, implies that the
interference terms are also washed out if 
x
is larger than the neutrino oscillation length.
Apart from the factor 2
p
2!, the coherence length given in Eq.(23) is similar to that
obtained by physical intuition in [1{3] and in a quantum mechanical wave-packet treatment
in [4]. But there is a very important dierence between our result and the previous formulas
for the coherence length. The coherence length is usually dened as the distance at which


































is the width of the propagating neutrino wave packet, which depends on the
neutrino production mechanism. However, our calculations show that the proper denition
of the 
x
that determines the coherence length must also include information on the neutrino
detection mechanism. We presented a rigorous denition of 
x











































. Therefore, a precise measurement of the











and a very large coherence length. Thus,
our formulation with wave packets conrms the observation in [7] and provides a simple
method to estimate the 
x














are the estimated sizes of the production and detection
processes, respectively.
The presence of the factor 2
p
2! in the expression (23) of the coherence length can imply
a non-negligible increase of L
coh
ab
with respect to the usual denition (24). For example, as
we have already mentioned, if the production process is pion decay at rest with  =  and

D
 1, we have !  10, which gives 2
p
2!  10. Since ! is large if 
P (D)
is small, i.e.
if all the particles involved in the production (detection) process have a very low velocity,
this increase of the coherence length is due to the fact that the overlap of the wave packets
of slow particles last longer and there is more time available for the production (detection)
process to emit (absorb) coherently the intermediate superposition of massive neutrinos.
Indeed, one can estimate, for example, that the time t
P
available for the production




j and, if j~v
P
j is small, 
D















. Hence, one can see that a small j~v
P
j implies a large t
P
, a large
! and a large coherence length.
On the other hand, it must be noticed that a large value of ! increases the contribution
of the third term in the exponential in the transition probability (21) and could enhance its





. This is due to the fact that when the
time available for the production (detection) process is longer than L
osc
ab
, the interference of

























and the corresponding oscillating






In summary, the Grimus{Stockinger theorem considerably simplies the wave packet
treatment. The neutrino oscillations due to L
osc
ab
disappear when the distance L between




Eq.(23) with Eq.(19), which is the most complete expression derived so far. The authors
of [7] pointed out that one can observe neutrino oscillations beyond the usually dened
coherence distance by a precise measurement of neutrino energy. Our calculation conrms
their claim in the framework of a quantum eld theoretical calculation. Another result of




can be observed only if 
x
is smaller than L
osc
ab
. Otherwise, the interference of
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